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Student Name: ..o

QUAERE

WHITEBRIDGE HIGH SCHOOL

HIGHER SCHOOL CERTIFICATE

General Instructions Total marks - 100
o Reading Time — 5 minutes Section I
o  Working time - 3 hours 10 marks

o Write using black or blue pen. o Attempt Questions 1 to 10

Black pen is preferred o Allow about 15 minutes for this section

» Board-approved calculators may e Use the multiple choice answer sheet

be used
o A table of standard integrals is Section I1
provided at the back of this paper 60 marks
s Show all necessary working in o Attempt Questions 11 - 14
Questions 11 to 16 ¢ Allow about 2 hours 45 minutes for this

section

This paper MUST NOT be removed from the examination room
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Section I

10 Marks

Attempt Questions 1 to 10

Allow about 15 minutes for this section

Select the alternative A, B, C or D that best answers the question and indicate your choice by colouring in

the bubble that corresponds to your answer.

Marks
3 ]
1 Which of the following is an expression for Jm dx? 1
COS X -+ 5INX
{A) X + %c052x+ c
(B x- %{-cos2x+c
(Cy x+ %sin2x+c
(D) X - %sian +c
2 A particle moving in a straight line is performing Simple Harmonic Motion. 1
At time ¢ seconds it has displacement x metres from a fixed point O on the line
and velocity v ms™ given by v? = 9(5 + 4x - x°). Where is the centre of motion?
(A x=-1
(B) x=0
(C) x=2
(D) x=5
3 Ifx=6-sinfand y = 1 - cos 6, which of the following is an expression for -gi? 1
X
)
A 222
(A) co 5
a
B cot =
(8) :
7
C tan -~
(C) tang
2 8
(D) tan 5



2012 Whitebridge High School HSC Mathematics Extension 2 Assessment 4

zsuch that |z -1 + /] = 4 is a circle. What are the centre and radius of this circle?

(A)
(B)
(€)
(D)

centre (=1, 1) and radius 4
centre (-1, 1) and radius 2
centre (1, -1) and radius 4
centre (1, —-1) and radius 2

In the Argand Diagram the locus of the point P representing the complex number

The equation x> + 2x + 1 = 0 has roots o, fand 7.

Which of the following equations has roots 2«, 28 and 2y7?

(A)
(B)
(C)
(D)

(A}

©

xX*+8x+8=0
X+ 16x+8 =10
2 4+ 4x +2=0
8 +4x+1=0

ya
(-1.4) —/(3 4)

v

Which of the following isthe graph of y = |x 4+ 1| + [x - 3| ?

®) g4
(—1,4)\4{3:4)
o
®) "
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Marks

7 The normal at the point P(cp, —E—) on the rectangular hyperbola xy = ¢ has 1

equation pix - py = ¢p* ~ ¢. This normal cuts the hyperbola at a second point

Qlcqg, %) . What is the relationship between g and p?

(A plg=-1

(B) pg=-1

(@ plg=-1

(b) pg=-1

x
8 Which of the following is an expression for J‘x e2 dx? 1
X X
(A) Iyez - Loz 4 ¢
2 4

| %

X
1 1 >

B —xe2 - =e?2 +¢

(B) 5 Xe 5 @

2 X
(©) 2xe2 - 2e2 +¢

X X
(DY 2xe?2 -4e2 +c¢
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10

Marks

Hy

The region bounded by the parabola y = x* and the x-axis between x = 0 and x = 1

is rotated through one revolution about the line x = 2 to form a solid of revolution about

the line x = 2 to form a solid of volume V. Which of the following is an expression for V7

(A)

(B)

(€

(D)

1
?fj(l—-X)2 dy
0

7 {12 - x%) dy

O iy b

2-x)72-12¢ dy
( !

]
[= A S

7 {(22 -(2 —X)Z] dy

O ey b

Ifz= 3 —j, then

(A)

(B)

(9

(D)

/2 P k4

z= +2{cos= —-isin —
V2 ( 3 3)

z = 2(:05£—isin£
V2 ( c 2

z=2(cosZ ~isin Z
( 3 3)

Z= 2(cosg ~{sin %)
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Section II

90 Marks
Attempt Questions 11 to 16

Allow about 2 hours 45 minutes for this section
Answer each question in a SEPARATE writing booklet. Extra booklets are available.

All necessary working should be shown in each guestion.

Question 11 Begin a new booklet Marks

a. Evaluate | cos#@sin® g de. 2

Oy B N

b. Find Iw ax. 2
COS X
B s
C. Use the substitution v = 1 4+ x? to evaluate _[ dx in simplest exact form. 3
0 (1+x2)2
2 i
d. Use the substitution ¢ = tan < to evaluate I— dx in simplest exact form. 3
2 24 COsS X
e.
Yy 4 y= ............1.__
(x—D{x—3)

0 3

The region bounded by the curve y = 1 and the x-axis between x = 4 and
{(x-1){x-3)

x = 5 is rotated though one revolution about the y-axis to form a solid of volume V.

(i) By considering strips of thickness dx perpendicular to the x-axis, use the 2

method of cylindrical shells to show that V = # J‘(Xliﬁ dx
4

{ii) Hence, find the value of V in simplest exact form. 3



2012 Whitebridge High Schoof HSC Mathematics Extension 2 Assessment 4 Page 7

Question 12 Begin a hew booklet Marks

a. Find the values of the real number k such that the equation x* + ko + x> + x+ 1 =0 2
has an integer root,

b. Find the complex number z = a + b/, where @ and b are real, such that 2z - iz = 1 + 4i. 2
c. Show that z = cos% + isin% is a root of the equation 2 - 22 + 1 = 0. 2
d. In an Argand Diagram, ABCD is a quadrilateral such that vectors 5;4, 523 ' O_>C p (51))

represent the complex numbers a, b, ¢, d respectively. P, Q, R and § are the midpoints
of AB, BC, CD and DA respectively. M and N are the midpoints of PR and QS respectively.

(i) Show that vectors 07‘4 and O_;V both represent the complex number 2

%(a+b+c+d).

(i) Hence explain what type of quadrilateral PQRS is. i

e. The equation x* - kx + 1 = 0, where k is a real number, has roots a, £, yand 6.

(i) Show that a? + 8% + y2 + §2 = 0. Hence explain why the equation has either two 2
real and two non-real roots, or four non-real roots.

1
(i) If the equation has a double real root, show that its value is 3 4. 2

(iii) Hence show that if the equation has a double real root then each of the two 2
1

1
non-real roots has a real part =3 4 and modulus 3 4,
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Question 13 Begin a nhew booklet Marks

a. The diagram below shows the graph of f{x) = e - 2,

4 y=f(x)

On separate diagrams sketch the following graphs, in each case showing the intercepts
on the axes and the equations of the asymptotes.

(1) y = {f(x)}* 1
(i} ¥y =loge f(x) 1
1
= 2
(iiiy vy 700
(ivy ¥ =0l 2
b. Prove that 4 Vbx - x?* Ecos‘1 2X-by o X ,forx = 0. 3
dx 2 b b-x
1 1
C. Forn=20,1,2,3, .., letl,= _[(1 +log, x)" dxand J, = I(Ioge X1 +log,. x)" dx.
o1 et
') Showthatl, = 1-nl,; forn=1,2,3, .. 2

(i) ShowthatJ, =1~ (n+ 2)I, forn=20,1, 2,3, .. 2

(iii) Hence, find the value of J3 in simplest exact form. 2
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Question 14 Begin a new booklet Marks

XZ

82

P(acosd, bsing) is a point on the ellipse in the first quadrant, S is the focus of the

2
a. The ellipse + ‘;—2 = 1, where a > b > 0, has eccentricity e,

ellipse nearer to P and Q(acos ¢, bsing), -7 < ¢ < 7, is a second point on the ellipse so
that the normal to the ellipse at Q is parallel to the normal at P.
Point T is the intersection of the tangent at P with the normal at Q.

V lies on the tangent at P so that SV is parallel to Q7.

(i) Show this information on a sketch. i

(i) Find the gradient of the normal at P by differentiation and deduce that ¢ = 6~ = 3

(i)  Show that the normal at P has x~intercept ae®cos é. 2
(iv)  Show that <o = 1=€cosé 2
vT l+ecoséd

y 2 2
Xy
N 7!
a
pp= 0 . s ;

2

. X y?
S is the focus of the hyperbola — - =
a

= 1,a # b, which lies on the positive x-axis.
R is a point on the auxiliary circle of the hyperbola such that R lies in the first quadrant
and SR is a tangent to the auxiliary circle.

The eccentricity of the hyperbola is e.

(i) Show that R lies on a directrix of the hyperbola. 2

(i)  Show that SR has equation y = —~——2}———(x - ae). 2
e -1

(iity  If SR meets the hyperbola at the point (asecd, btan§), show that 3

e’(2 - &%) sec’@ - 2esecd + {e* + (e* - 1)*} = 0.
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Question 15 Begin a new booklet Marks

a. A bullet is fired verticalty into the air with a speed of 800 ms™. In the air the bullet experiences air

resistance equal to %, as well as gravity g. Gravity can be assumed to equal 10 ms2,

(D) Find the height reached to the nearest metre. 3
{il) Find the time taken to achieve this height. 2
{(iii)  As the bullet returns to the ground it is subject to the same forces. 2

Find the terminal velocity.

1': B

Q
PQ is a smooth vertical rod. Particle A of mass m is attached to point P by a string of
length / and A is also attached by a second string of length / to a smooth ring B of mass M
which is free to slide on the rod PQ without friction. A is set in motion in a horizontal circle
about PQ with angular velocity w. B is in equilibrium,.

(i) Draw diagrams showing the forces on each of A and B, and hence show that if T, 4
and T, are the tensions in the strings AP and AB respectively when AP makes an
angle & with the vertical, then Ty - 7, = ﬂ-, T+ h=mie?and T, = Mg .
cos f cos d
{ii) Hence, express the distance d of B below P in terms of g, @? and —M—. 3
m

(i)  Deduce that »? > %(1 +2FM] 1
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Question 16 Begin a new booklet
a. Use Mathematical Induction to show that 3" - 1 = 2n for all positive integers n > 1.
b. Find the equation of the tangent to the curve 3x* - 2xy - y? - 20 = 0 at the
point (3, 1).
C. With respect to the x and y axes, the line x = 1 is a directrix and the peint (2, 0) is a

focus of eccentricity v2 . Find the equation of the conic, and sketch the curve indicating
its asymptotes, foci and directrices.

d. (i) Prove that cot™ (2x — 1) - cot™ (2x + 1) = tan”l[z%} where x 2 1.
X
(i) Find the sum of K = tan™ 2 + tan™ 2 + tan™ 1 + . + tan‘l[i],
2 8 18 an

where n is a positive integer.

(i) Show that lim K =

w
1= +en 4

Page 11
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STANDARD INTEGRALS

1 ,

" dx = e ¢ el 220, i<
J n+1

!

"{_'d.'l.‘ =fnx, x>0

fAn 1 LTk

ey =—g e

a

[ 1.

cosaxdy = —§inax, a0

sinaxdy o= --a—cosax, a0
o i

secTax oy mEtanax, azi)

-

1
secax tanagxdy = E—sccax, a3 A{)

(] I X
'—;,"m"'j;dl' &—lan“l—, ax{
Jat e xt a @
[ 1 e ¢
—dx zsm”“E, a>0, —a<x<a
e

En(x-bv:rz—-az), x>a>0

I§

1
S
bxt gt

1 2
————dr = En(,r NS cr)
S Nxt e g’ ‘

NOTE: Inx= log,x, x>0

-




2012 Whitebridge High School HSC Mathematics Extension 2 Assessment 4 Page 13

Multiple Choice Answer Sheet

Student Name: Class:
1, ©
2. ® © ®©
3 © ®©
4 © ®
5 © ®
6 © ©
7 © ®
8 © ©
9 © ©
0. @ © ®
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